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Various new generalized forms of the Gegenbauer matrix polynomials are introduced using the integral representation method,
which allows us to express them in terms of Hermite matrix polynomials. Certain properties for these new generalized Gegenbauer
matrix polynomials such as recurrence relations and expansion in terms of Hermite matrix polynomials are derived. Further,
several families of bilinear and bilateral generating matrix relations for these polynomials are established and their applications

are presented.

1. Introduction

Theory of generalized and multivariable special functions has
provided new means of analysis to deal with the majority
of problems in mathematical physics which find broad
practical applications. Further, an extension to the matrix
framework of special functions is special matrix functions.
The study of special matrix polynomials is important due
to their applications in certain areas of statistics, physics,
and engineering. In recent years, some results in the theory
of classical orthogonal polynomials have been extended to
orthogonal matrix polynomials [1], which forms an emergent
field and plays an important role from both the theoretical
and practical point of view. Orthogonal matrix polynomials
appear in connection with representation theory, matrix
expansion problems, prediction theory, and in the recon-
struction of matrix functions. The Laguerre and Hermite
matrix polynomials and their extension and generalizations
have been introduced and studied in [2-9] for matrices in
CN*N whose eigenvalues are all situated in right open half-
plane.

If D, is the complex plane cut along the negative real axis
and log(z) denotes the principal logarithm of z, then z'/?

represents exp((1/2) log(z)). If A is a matrix in CNN with
0(A) ¢ D, where 0(A) (the spectrum of A) is the set of all

the eigenvalues of A, then A? = /A denotes the image by
2'/? of the matrix functional calculus acting on the matrix A.

Throughout this paper, we assume that A is a positive stable
matrix in CVN; that is, A satisfies the following condition:
Re(z) >0, forallzeo(A). 1)

First, we recall that the Chebyshev polynomials (CP)
U, (x) and Gegenbauer polynomials (GP) C!/(x) are defined
in [10] as

(21 1Y% (n = k)1 (2x)" 2

Un ) = kzo (n- 20 ®
[n/2] _1\k B n-2k
CH (x) = 1 Z (-1)'T(n+p-k)(2x) 3)

I'(u) 5 (n— 2k)'k!

Next, we recall certain recently introduced Hermite
matrix and Laguerre matrix polynomials. We mentioned
these matrix polynomials in Table 1.

Due to the importance of generalized Hermite matrix
polynomials, which find broad practical applications recently,
Batahan [2] introduces a matrix version of Chebyshev poly-
nomials in terms of 2VHMaP H, (x, y, A) (Table 1(I)).

To give an idea of the procedure adopted in [11],
we use 2VHMaP H, (x, y, A) to introduce the generalized
Chebyshev matrix polynomials of the second kind (gCMaP)
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U, (x, y, A) by the following integral representation and series
definitions [2, p.91]:
U, ( R Ry Yy
(6 y,A)=—=| e't"H,(x,=,A)dt, (4)
n! Jo t
2 (<1 (n - )k (x2A)

Un (02 4) = ,; (n— 2k)IK

(n=0),

©)

respectively. The relevant generating function which was
obtained by using the integral representation (4) is given as

(I-xEVZA+y21) = YU, (x. 2. A)E.  (6)
n=0
It is evident that
U, (x, y, A) = ”/ZUn<i,A). )
(x,3,A) =y 5

Motivated by the work of Dattoli et al. [11] who have
used the link between Hermite and Gegenbauer polynomials
to introduce generalized forms of Gegenbauer polynomials
where the strategy of generalization outlined in [11] benefits
from the variety of existing Hermite polynomials in this
paper, Hermite matrix polynomials and its various gener-
alizations were exploited to introduce a matrix version of
Gegenbauer polynomials.

The use of integral representations relating to Gegenbauer
matrix polynomials and Hermite matrix polynomials is a
fairly useful tool of analysis which also offers interesting
criteria of generalizations. By combining the wealth of differ-
ent forms of Hermite matrix polynomials and the flexibility
of the proposed representations, we can establish within
such a framework a systematic procedure of generalization
involving new representations of Gegenbauer matrix and
generalized Gegenbauer matrix polynomials. Further, certain
properties involving newly introduced 3-variable 1-parameter
generalized Gegenbauer matrix polynomials (3VIPgGeMaP)

m, S)C;” )(x, y,z;a, A) are derived which include recurrence
relations, expansion in the series of Hermite matrix polyno-
mial. The bilinear and bilateral generating matrix relations
for 3VIPgGeMaP S)CL“ ) (x, y,z; &, A) are also established
which further leads to certain new and known bilinear and
bilateral generating matrix relations as special case.

In Section 2, we introduce two forms of Gegenbauer
matrix polynomials. In Section 3, we introduce two forms
of generalized Gegenbauer matrix polynomials and derive
certain properties involving these polynomials. In Section 4,
we obtain expansion for 3VIPgGeMaP CL” (x, ¥,z 0, A).
In Section 5, we establish certain bilinear and bilateral gener-
ating matrix relations involving 3V1PgGeMaP. In Section 6,
concluding remarks are given.

2. Gegenbauer Matrix Polynomials

The 2VHMaP H, (x, y, A) (Table 1(I)) will be exploited here
to introduce a matrix version of Gegenbauer polynomials.

The Gegenbauer matrix polynomials (GeMaP) Cff”(x, A)
involving H, (x, ¥, A) can be define in the following form:

C(y) _ 1 o0 —t ntu-1 1
" (X,A)—'— , et Hn X,?,A dt. (8)

niT (p)

It is evident that in view of the relation that
t"H, (x,y,A) = H, (xt, ytz,A) . 9)

Equation (8) can be expressed equivalently as

C¥ (x,A) =
n (64 nT ()

Now, making use of (2) and formula (see [12])

(o]
j e "t" T H, (xt,t, A)dt.  (10)
0

L1
a

- © —attv—ldt’
o JO e )

we find that the GeMaP C¥(x, A) are defined by the
following series:

12 T (- k4 ) (x2A)

(1) -
G o =10y ,; (- 2k)IK!

(12)

Multiplying (10) by &" and then summing up over n, we
find
icfj*) A = JOO e_tt”_IOZO:Hn (xt,t, A) &
n=0 I (.”) 0 n=0 n!
(13)

Now, using the generating function of H,(x, y,A)
(Table 1(I)) in the r.h.s. of the above equation and then using
relation (11) on the resultant equation, we get the following

generating function of the GeMaP Cf[‘)(x, A):

fc,ﬁ’” (%, A)E" = (T-xEVZA+E1) " (u#0). (14)

n=0

Further, generalization of C;")(x, A) can be obtained
by introducing the 2-variable I-parameter Gegenbauer

matrix polynomials (2VIPGeMaP) C,(f) (x, y;«, A) by using
2VHMaP H,(x, y, A) (Table 1(I)) in the following form:

1 o _
J e 1H,,(x,%,A)dt.

Cl (x, ys o, A) = AT () Jo

(15)

Also, in view of relation (9), the above equation can be
expressed equivalently as

1

CY (x ys o A) = AT ()

J e "t H, (xt, yt, A) dt.
0
(16)



By employing the same procedure as above, we can easily
obtain the series definition and generating function for the
2VIPGeMaP Cfl")(x, yia, A) as

C¥ (x, y;a, A)

1 ()T (n-k+ ) (xv2A) 0D

T (#) k=0 (1 — 2k)klan—k+e ’
S (5 yie A)E = (al ~<EVIR €T (u0),
n=0
(18)
respectively.

We note the following special cases:

C¥(x,1;1,4) =C¥ (x,4), C"(x,1;1,2) = C¥ (x),

CP (x%,331,A) = U, (x, 3, A),
19)

where U, (x, y, A), Cg‘)(x), and CL") (x, A) denote the gCMaP
defined by (5), the GeP defined by (3), and the GeMaP defined
by (12), respectively.

3. Generalized Gegenbauer
Matrix Polynomials

We use the 2I2VHMaP H, . (x, y, A) (Table 1(II)) to intro-
duce the 2-variable l-parameter generalized Gegenbauer

matrix polynomials (2V1PgGeMaP) (m)C,(f )(x, y;, A) in the
following form:

(m)ng“) (% ys o A)

_ 1 © _at -1 (20)
= n‘I‘—(y) Jo et H,,, <x, t”‘_*l’A> dt.
It is evident that in view of the relation that
t"H,,, (x,y,A) = H,,, (xt, yt", A). (21

Equation (20) can be expressed equivalently as

1 Ot
(m)Cfl") (%, 30, A) = —— L e Yt H, . (xt, yt, A) dt.

nil (u) )
22

Now, making use of the series definition of H,,,(x, y, A)

(Table 1(IT)) and formula (11), we find that the 2V1PgGeMaP
(m)Cil” )(x, y;, A) are defined by the following series:

(m)C;ﬂ) (x, ys o, A)

o (~»)T(n-(m- Dk +p) (x va)”Wk
T & (n = k)l (ks '

(23)
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It is indeed easy to note the following special cases:

(1) -
mCo (2. y30,A) = a1,

® (xvimA)
mCi" (% yson A) = —
n
xVmA
( )C(‘M) (X, 0; o, A) = (era
m)—n atthn!

0C¥ (x,1;1,4) = C¥ (x, A), (29

(z)Ciﬂ) (x,y30,4) = C¥ (x, ys 1, A),

2
yn/ C(}‘) i A
otk T \/7’ >

C (x5, 331, 4) = U, (x, 3, A),

C;H) (x, y;0,A) =

where (y),, = I'(4 + n)/T(u) is the Pochhammer symbol.

The generating function for (m)CL”)(x, y;a, A) can be
obtained with the help of the generating function of
212VHMaP (Table 1(1I)). Multiplying (22) by &" and then
summing up over 1, we find

v AW
Y (% yso A)E
n=0
(25)

1 o —at —100 gn
= — e M H_ . (xt, yt,A) 2-dt.
T o 7 e A

Further, using generating function of 2I2VHMaP in the
r.h.s. of the above equation and then using relation (11) on the
resultant equation, we get the following generating function

for the 2V1PgGeMaP (m)Cil”)(x, y;a, A):

i (m)Cff‘) (%, 30, A) E" = (ocI - xEVmA + yEmI)_“
n=0 (26)

(u#0).

Now, we can establish the generalization of (m)CilH ) (x, ¥
«, A) by introducing the 3VIPgGeMaP C®(x, y,z;0,A)

(m,s) ~'n
using 313VHMaP H™(x, y,z, A) (Table 1(III)) in the fol-
lowing form:

(m’S)Cil“) (x, 7,250, A)
_ 1 JOO e_attmy—lHr(lm,s) (x’ y i ,A) dt
n!l (p) Jo =17 gl
(27)

It is evident that in view of the relation that

"H™ (x, y,2, A) = H™ (xt, yt™, zt", A) . (28)
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Equation (27) can be expressed equivalently as

(m,s)CitM) (x,y, 230, A)

| (29)

ﬂxt‘ul (m,s)
t H t, yt, zt, A) dt.
nw)j (xt, yt.2t, A)

Further, proceeding on the same line as discussed above,
we can obtain the following series deﬁnition and generating

function for the 3VIPgGeMaP ®)(x, ¥, 250, A):

) n

C¥ (x,y,z;0, A)

(m,s) ~n

_ 1 L/ n=gml )T (n— (m— 1) 7 — (s — 1) k + p)
T(w & 5 (n—sk—mr)lklrlgn(m=Dr(Dku

x (=) 2 (e mA)

(30)

Z (ms)C n (x .z A) ¢

n=0 (31)
= (ol = xEVmA + yE" 1= 2ET) " (u#0),

respectively.
We note the following special cases:

C(()”) (%, y,z30,A) = a1,

(m,s)
(32a)
C(”)( A (x\/mA)y
(m)s) 1 x; y) Z) (x) ) - (x‘u+1 >
moCn (3,00, 4) = CF (x, s A),  (320)
0 (62,01, 4) = U, (x, 3, A) . (32¢)

Furthermore, using the integral representation (29), we
establish some matrix differential recurrence relations for the
3VIPgGeMaP (m)s)Cff )(x, y,z; a, A) with the help of the cor-
responding properties of the 3I3VHMaP H(x, y, z, A).
For example, the recurrence relations satisfied by the
3I13VHMaP H,(lm’s)(x, y,z, A) are derived in [8]. Now, replac-
ing x by xt, y by yt, and z by zt in the equations [8, p. 228
(3.11), 229 (3.14, 3.15, 3.20)] and using relation

a p—
o (tx)

0

~ | =

we get the new set of recurrence relation. Again, multiplying
the resultant equations by e *'t"~" /n!I'(v), integrating it with
respect to t between the limits 0 to oo, and then using

the integral representation (29), we get the following recur-
rence relations for (m,S)Cif‘)(x, ¥, 20, A):

0

a (m,s) C(M (.X Y,z &, A) U H+1) (X))/, Z; &, A)

(ms) nl
n=1)

am
S om S)Cfl” (x, y,z;0, A)

, )Cil}i:nm) (% y, 2500 A)

= (‘u)m(m)m (m,s

as
% (m,s)Cn#) (x» ¥z, A)

= (u),(VmA)"

(n>m)

CH9 (x, y,z; 0, A)

(m.9)Cri—s (n>s),

X ms)CL (x, y,z30, A)

- my(m)_l 9 c

a (m,s) ~“n-m+1

(x, ¥, 2300, A)

~se(VmA) ' L

Ox (m,s) “n—s+1 (x’y’ Z; A, A)

=n (m,s)cilﬂ) (X, ¥z Q, A) >
(34)

respectively.
Similarly, we can obtain other sets of recurrence relations

for 3V1PgGeMaP m)s)CS,”)(x, ¥,z;a, A) with the help of the

corresponding properties of the 313VHMaP H™(x, y, z, A)
as

C¥ (x,y,z;0,A) = —u m, S)C(“ Y(x, v,z A),

(m,s)

dy
)

Bz(mSC( (x,y,z30,A) = M(WC(*”I)(x y.z50, A),
ar

ayr (ms) n (x y,Z «, A)

_( 1) (AM) (m,s) nM:nZ(x’y’Z;a’A)’
ar

o (e C(“ (. y.z0,A) = (1), CHD (x,y, 20, A).
z

ms) n—sr
(35)

Also, from the above relations we easily obtain

o
Ox" (m S)C;‘u) (x) ¥z« A)

e (Vma) L

ayr (mys) _n+(m=1)r

(%, y,z30,A) =



a_ cw

ox" (m,s) ~n (x )/,Z,(X,A)

o
(u+r)
azr (m,s) n+(s—1)r

+ (—1)_1(M)r (%, yz50,A) = 0.

(36)

4. Expansion of 3V1PgGeMaP

In this section, we obtain the expansion of the 3V1IPgGeMaP

(m’s)C;”)(x, y,2; @, A) in the series of 313VHMaP H™ (x, y,
z,A). In order to obtain this, we first derive the expansion
of (x\/mA)"I in the series of H"™(x, y,z, A) by using the
generating function (Table 1(III)) in the form

" [n/s] [(n—sk)/m] (- l)k -k
(x\/ mA) I= — '
o = kirl(n-sk—mr)! 37)
xH™  (x,y,2,A) (n20).
Now, since

cw (x, 7,250, A)

(m,s) ~n

1 [ =M 1T (n = (m = 1) 7 — (s = 1) k + )
r ([/l) part = (m-1)r—(s—1)k+u

x (=) 2 (e mA)

(n— sk — mr)klrla™

(38)
which on multiplying by ¢", using relation (see [12])
oo k/m 00 ©o
Y YAk =) YA@rk+mr), (39)
k=0 r=0 k=07=0

and then using expression (37) in the resultant equation yield

o0
Z (m,s)Cgl) (x, V2, A) "
n=0

1 oo [n/s][(n-sk)/m] (—I)PHI‘ (n +r+k+ [4)

(n - sp — mq)'k!r!plglar+rhte

r (n"l) nk,r=0p=0  g=0

% yr+qzk+pHy(1ms;) i (X, 9,2, A) tn+sk+mr.
(40)
Again, using relation (39) and in view of the fact
k -
(_1) _ ( n)k) (41)
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equation (40) becomes

o0
5 s (3.2 A

n=0

o [n/s][(n—sk)/m] k

3N Y (VR en,

n=0 k=0 r=0  p=0g=0

x (M) (s—1)k—(m— l)r)
X ((n — sk —mr)!klr!plg!

) L (@2)
% “n—(s—l) —(m—l)r+p£) )

X (((y+i’l—(5_ 1k
- (m- l)r)(s—l)p—(m—l)q)

% ((x(sfl)p—(m—l)q)’l>

x y ZF )

n—sk—mr

(x, y,2z, A) 1",
which on equating coefficients of t” on both sides gives

W (x, v,z A)

(ms) n

—sk
~ i[n/s][(n sk)/m] (_l)r(#)n 1) )
B D& 2 (n—sk—mr)lklrar(sDk=(m=lriu

X}’ z Akar(l o mr(x ¥, 2, A)
where
(@)
AIfrn
i ) ('u+n (s=1)k—(m- 1)7’)(s1 ~(m-Dq
p=04g=0 plqlals=Dp=(m-1)q
(44)

5. Bilinear and Bilateral Generating Matrix
Relations for (m’S)C;” ) (x,,2; &, A)

In order to derive several families of bilinear and bilat-
eral generating matrix relations for the 3V1PgGeMaP

. S)Cil )(x, y,z;a, A), we first state our result as follows.
Theorem 1. Corresponding to nonvanishing functions
Q.(qy5-..,q,) consisting of r (real or complex) variables
qp>--->q, (r € N) and of complex order v, let

> qrs 1//) = Zak‘Qerqk (ql’ T qr) Wk’ (45)

k=0

A, (q15---



International Journal of Analysis

and for (a, # 0,k € Ny, € C),

@n,p,v,r] (X, V2,654 .. ’qr;g)
n/p k
= Zak 9 G- pk(x 1,20, A4) Qi (q1---54,) €
k=0

(46)

where n,p € N and A is a matrix in CNN satisfying the
condition (1). Then one has

(o]

Y\
Z®n,P%f7 (x, V20541555 t_P> t
n=0
- 47
= (ocI - xtVmA + yt"'I - ztSI) ! “
XAy (@s--5q57)  (u#0),

provided that each member of (47) exists.

Proof. Denote, for convenience, the first member of the
assertion (47) of Theorem 1by S. Then, upon substituting for
the polynomial ®H’N),1(x, V,2,054;,-..,4q,;&) which comes
from (46) into the left hand side of (47), we get

co n/p

S= y CF (e, A) Q0 (g 59,)
7;”; (m,9) pk +1 1 (48)

X ykt"_pk.

Now replacing n by n + pk in the r.h.s. of (48) and using
relation (39) in the resultant equation, we find

[c o e] en
S= Z Zak (ms) n (x y’z’“’A) Qv+r]k (ql""’qr)y t
n=0 k=0
() " [0 B
= Y o (61,50 AV Y B Qi (1024, Y
n=0 k=0
= (ocI - xtVmA + yt"'I - ztSI)iﬂAm (Q1>---957)»
(49)
which proves the assertion (47) of Theorem 1. O

In order to discuss further applications of Theorem of 1,
we consider the multivariable function Q, . (q;, ..., q,) (k €
Ng># € N) in terms of the functions of one or more
variables. For example, consider the case of r = 2 and

H,lk(u, y) = Ler k(u, v) in Theorem 1, where Lvmk(u, V)
denotes the 2VLMaP (Table 1(IV)). Then we obtain the
following result which provides a class of bilateral generating

matrix relations for 3VIPgGeMaP S)C; )(x, y,z;a, A) and
2VLMaP LY (x, ).

Corollary 2. Let

(o)
BA k
Ay (wviy) = Y@Ll )y, (50)
k=0

7
and for (@, #0, 7,1 € Ny),
G)”’Pﬂ’)’? (x’ Y.z, U, v; E)
nlp -

()
= z k o nﬂpk (x ¥,2; “’A)quk (u, v)f
k=0

where n, p € N, and A and B is a matrix in CVN satisfying
the condition (1) and B + nl invertible for every integer n > 0.
Then we have

(o]

o Y\
n;)@n,pm (x, V> 2,05 U, V; t_P> t
= (ocI - xtVmA + yt"'I - ztSI)iyA o () (u#0),
(52)

provided that each member of (52) exists.

Remark 3. Using the generating matrix functions for
2VLMaP LY (1, v) (Table 1(IV)) and taking @, = 1 = 7 and
v = 0 in the generating matrix relations (52), we get

() B k n—pk
Z“z(ms) nﬂpk xy’Z;‘x’A)L(k )(u)v)ytnp

n=0 k=0

= ((xI - xtVmA + yt"'I - ztSI)_M x (1= yv) &P (53)

-Au
xexp(l_;;> (Jyv] < 1, u#0),

which for v = 1 gives

oo n/p

(H) . (B,A) k n—pk
ZZ(MS) n-pk xy,z,oc,A)Lk (u)ytnp
n=0k=0

= (ocI — xtVmA + yt"'I - ztSI)_H x (1-y) &P (54)

-A
xexp(%) (Jyl <1, u#0).

Also, taking z = 0 and using relation (32b) in (53), we find

Sy ) B,A k k
S5 o (e i AV a7

#=0k=0 ¢
- (ocI — xtVmA + ytml)_“ x (1 - yv)_(B”) (55)

—Auy
1-yv

xeXp< ) (Iyv| < 1, p#0),

where » ,C (u, v; 3, B) denotes the 2V1PgGeMaP defined by
(25) and for v = 1, (55) reduces to the bilateral generating
matrix relations for 2V1PgGeMaP C,(q” )(x, y;, A) and
LMaP L'V (x).

(m)



Further takingw = 1 = y,m = 2,2

relation (32¢) in (53), we find

= 0 and using

oo n/p

YU,

n=0 k=0
= (I - xtV2A + ytZI)_1 x (1—yv) &P (56)

—Au
cep( 722 ) (<),

which for y = v = 1 gives a known bilateral generating matrix
relations [13, p.30].

Again, set r = 2 and Q, . (,v) = f, . (u,v,B) in
Theorem 1, where quk(”’ v, B) denotes the 2VMLMaP
(Table 1(V)). Then, we obtain the following result which
provides a class of bilateral generating matrix relations

for 3V1PgGeMaP C¥(x,y,z;0,A) and 2VMLMaP
£V ).

Corollary 4. Let

k(600 A) LY () yF 17

(m.s)

Ay (o vsy) = Y @ fo )y, (57)
k=0

and for (a, #0,v,1 € N),

®n’P’V”7 (X, Y.z, U, v; E)

n/p )
(W)
B Z k(ms)C” pk x }/,Z,OC,A)fvmk (u,v)f
where n, p € N, and A and B is a matrix in CNN satisfying

the condition (1). Then we have

\ Y

. o 2 n
ZOG)”’P’M (x, V> Z, 0 U, V; " ) t
n=

= (od - xtVmA + yt"'I - ztsl)_“A vy (v3y)  (u#0),

(59)
provided that each member of (59) exists.

Remark 5. Using the generating matrix functions for
2VMLMaP f,EB”\)(u, v) (Table 1(V)) and taking g, = 1 = g
and v = 0 in the generating matrix relations (59), we get

il (B,A) —pk
r;);(m Pk x)/az,(x A)fk (u V)yt
m s\ ¥ -B (60)
:(od—xt\/mA+yt I—ztI) x (1-yv)
xexp (Auy)  (u#0),
which for v = 1 gives
oo n/p .
n—p
;)kz(m npk (x iz A) £V )yt
(61)

0
= (aI - xtVmA + yt"'I - ztSI)w x(1-y)7"
xexp (Auy)  (u#0).
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Also, taking z = 0 and using relation (32b) in (60), we
find

oo n/p
ZZ - iﬂ)pk (x, ys A) f(B D (4, v) Pk
n=0k=0
- (62)
= (ocI - xtVmA + yt"‘]) “ % (1 — yv)_B
xexp (Auy)  (u#0),

which forv = 1 gives bilateral generating matrix relations for
2V1PgGeMaP (m ) n (x y;a, A) and MLMaP f(A)L (x).

Further takinga = 1 = y, m = 2, z = 0 and using relation
(32¢) in (60), we find

co n/p

2 2 Ui (62, 4) 5 () e
n=0 k=0 (63)

= (I — xt\2A + ytzl)_l(l — ) P exp (Auy).

Next, set r = 2 and Q,,; (u,v) = U, (u,v,B) in
Theorem 1, where U, (4, v, B) denotes the gCMaP defined
by (5). Then, we obtain the following result which provides a
class of bilateral generating matrix relations for 3V1IPgGeMaP
- S)Cfl )(x, y,z;a, A) and gCMaP U, (x, y, A).

Corollary 6. Let

k

Ay (w,vy) Zak yank (U ¥, B) Y/ (64)
and for (a, #0,v,1 € Ny),
O, poy (%5 15 2, 4, v58)
n/p (65)

= Zak
k=0

where n, p € N, and A and B is a matrix in CVN satisfying
the condition (1). Then we have

— y
. . n
EOG”’P%W <x, Vs 2, 0 Uy, Vs » ) t
n=

k
) n pk(x Yz &, A) y+;1k(u)V)B)E s

= (cxI —xtVmA + yt"'I - ztsl)_”A o () (u#0),
(66)

provided that each member of (66) exists.

Remark 7. Using the generating matrix functions (6) for
gCMaP U, (u, v, B) and taking g, = 1 = and v = 0 in the
generating matrix relations (66), we get

Z Z (m.s) f(f)pk (x, 3,250, A) Uy (u, v, B) y*t" P
n=0 k=0

= (ocI ~ xtVmA + yt"I - ztSI)_H(I ~upV2B + vyzl)_l

<|B| <—

<L op# 0)
(67)
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which for v = 1 gives

$X (s AU B
n=0 k=0 ms)

= (od — xt\VmA + yt"'I - ztSI)iﬂ(I —upV2B + y21)71
<|B| < —

Also, taking z = 0 and using relation (32b) in (67), we
find

>l <1, M¢0>
(68)

oo n/p

Z Z S:M)pk (x y3 06 A) Uy (u, v, B) " P
n=0k= 0 m

= (ocI ~ xtVmA + ytml)_”(l ~upV2B + vyzl)_l (69)

<|B|< 7 ly| <1, /4:#0)

which for v = 1 gives bilateral generating matrix relations for
2V1PgGeMaP (m)Cfl”)(x, y;a, A) and CMaP U, (x, A).

Further, taking @ = 1 = g, m = 2, and z = 0 and using
relation (32c) in (67), we find a bilinear generating matrix
relations

co n/p
2. DU
n=0 k=0

= (I - xtV2A + ytzl)il(l —upV2B + V),z])*l (70)

(181 < 2= <),

which for y = v = 1 gives known bilinear generating matrix
relations [13, p.31].

Again, set ¥ = 2 and Q, . (u,v) = H, (u,v,B) in
Theorem1, where H,, . (u,v,B) denotes the 2VHMaP
(Table 1(I)). Then we obtain the following result which
provides a class of bilateral generating matrix relations
for 3VIPgGeMaP m,s)Cg‘ '(x,y,z50,A) and 2VHMaP
H,(x, y, A).

(%, v, A) Uy (u, v, B) ykt”_Pk

(

Corollary 8. Let

A, (wviy) = };ak H,, (v, B) y/* (71)

and for (a, #0,v,1 € N;),

()mpmni(xa}GZ,a;u,v;E)

£ )
= Z a (mss) C,~ Pk (x,y,z (X,A)Hymk(u,v,B)E ,
k=0

where n, p € N, and A and B is a matrix in CNN satisfying
the condition (1). Then we have

Ny Y

. . 2 n
Z;)@)n"t,’,,’77 (x, V> Z, 0 U, V; " ) t
n=

- (73)
= ((xI - xtVmA + yt"'I - ztSI) “A v (5 V59)

(u#0),
provided that each member of (73) exists.

Remark 9. Using the generating matrix functions for
2VHMaP H,(u, v, B) and taking g, = 1/k!,y = landv =0
in the generating matrix relations (73), we get

oo n/p k .
FP

ZZ ) Cl (% y,za A)Hy (u, V,B)

n=0 k=0

= (ocI — xtVmA + yt"I - ztsl)_” exp (uy\/ﬁ - vyzl)

OB|<

<L, M¢0)
(74)
which for v = 1 yields

S (i A) Ho B
kOkO s

= (ocI — xt\mA + yt"I - ztSI)_M exp (uy\/ﬁ - yZI)

OB|<

Also, taking z = 0 and using relation (32b) in (74), we find

53

<1, M¢o>
(75)

3
a~)

"
. cr pk(x ysa, A) Hy (u, v,B) "Pk

\|rv1

3

= (ocI — xt\'mA + ytmI)_“ exp (uy\/ﬁ - vyzl) (76)

OB|<

which for v = 1 gives bilateral generating matrix relations for
2V1PgGeMaP C¥(x, y;a, A) and HMaP H,(x, A).

(m)~n
Further, taking = 1 = p,m = 2,z = 0 and using relation

(32¢) in (74), we obtain

<1, y¢o)

oo n/p k
ZZ%ﬂx%memm ok

n=0 k=0

= (I ~ xt\2A + ytzl)_l exp (uy\/ﬁ - vyzl) 77)

(181< 55 W <1).

which for y = v = 1 givesa known bllateral generating matrix
relations [13, p.32].
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Again setr = 3 and Q. (u, v, w) = o )Ciﬁnk(u, v,w; B,
B) in Theorem 1, where " Cii)ﬂk(u, v,w; 3, B) denotes the
)

3VIPgGeMaP defined by (30). Then we obtain the following
result which provides a class of bilinear generating matrix

relations for 3V1IPgGeMaP (m’s)Cil“ >(x, ¥V, 2,0, A).

Corollary 10. Let

Aoy (v ws By) = Y Ol (wvsws B)y* (78)
k=0 ?

and for (a, #0,v,1 € N;),

®”,P>W1 (x, Y, 2, 05U, ¥, W, B {)

n/p

= Zak C(M)pk X, ¥z, A) ct?

n— ( ) v+nk w; ﬁ’ B) Wk’

(79)

(w, v,

where n, p € N, and A and B is a matrix in CNN satisfying
the condition (1). Then we have

(9]

. Y\
Z®n,1>%f1 <x, V2, 05U, v, W, B t_P) t

n=0

= (ocI —xtVmA + yt"'I - ztsI)wA v (v, 0, B y),

(80)

provided that each member of (80) exists.

Remark 11. Using the generating matrix functions (31) for
3VIPgGeMaP , \C¥(x,y,z;, A) and taking @, = 1 =
and v = 0 in the generating matrix relations (80), we get

co n/p

() (p) n—pk
Zz(ms) n”pk(x .z A) (ra) Cp (u,v,wﬁB)yt p
n=0k

= (ocI — xt\mA + yt"I - ztsI)w

p
X <ﬁI —uy+\/pB+ vypl - qul)

(. p#0).
(81)

Further, taking w = 0 and using relation (32b) in the
previous equation, we find

co n/p
5 o500 P
n=0 k= ()

= (ocI - xtVmA + yt"'I - ztSI)_H

X (ﬁl— uy\/p\B+ th1>—p

(up#0).
(82)
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Also, takinga = 1 = py,m = 2, and w = z = 0 and using
relation ((32b), (32¢)) in (81), we get

oo n/p

Z Z Un-pk

n=0k=0

= (I-xt\V2A+ y£'I) </31 ”V\/\BHV >*P (83)

<|A|< \/_ lt] < 1, pq&O)

6. Concluding Remarks

(2,7, 4) ()G (w,v3 B, B) 1" 7"

Very recently, Dattoli et al. [14] introduced the 2-variable
generalized Legendre polynomials (2VgLeP) P, (x,y \ m),
defined by the series

B, (x,y\m)
L1 T (s 12— (m - D R) ()" (—p)¢ (89
T n part (n — mk)'k! ’

These polynomials are introduced by taking the action of
the following operator [14, p.84 (3.4)]:

L [T e (2 ) a
7T Jo X
(85)

0" (x,y) =

on x"/n! and then using the operational definition of 2-
variable Hermite-Kampé de Fériet polynomials (2VHKAEP)

H™ (x, y) [15]

am
H™ (x,y) = <—> " 86
W () =exp(yo | x) (86)
and the property

P f (x) = f (rx), (87)

of the dilation operator [15], so as to obtain

B (oo \m) =1 () {21}
(88)

L i om
= L e 't "H" (-xt,—yt)dt,
which yields definition (84).

In order to take the advantage of this technique, we
introduce the following operator ﬁﬂ(x, yia, A):

IL, (x, y; a, A)
1 o —at -1 xD,, 82
= — t V2 At —ty— | dt.
M) J, e e""( Yo

(89)
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Now, operating IT, (x, y; &, A) on x"/n! and then making
use of (86), (87), (9), and (15), we obtain the following oper-
ational representation for the 2V1IPGeMaP Cf:')(x, yia, A):

CY (x, yso A) =TI, (x, ys @, A) {x—,} , (90)
n.

which for « = y = 1 and in view of relation (19) yields
the following operational representation for the GeMaP
CY(x, A):

CO (x, 4) =TI, (x, A) {%} , (91)

where
I, (x, A) = I, (x,1;1, A)
1 Lt el *D; 0’ )
=—— | e (V2At) Texp| —t— |dt.
I'(u) Jo ( ) xp( Ox? |
(92

Now, to find the operational representation for the
3VI1PgGeMaP (m,s)Cfl“ )(x, y,z;a, A), we introduce the fol-
lowing generalization of operator (89):

I, (x, y, 2, A)

(m,s)

SN Jm e Y (VmAr) ™
0

I'(u) 93)

0" o
X exp —tyax—m + tz$ dt,

which on using (27), (87), and the operational rule of
313VHMaP H"™(x, y,z, A) [8]

Hflm’s) (x, 5,2, A)

- exp (=) “ (V) "L

ox* ox™

) (|
(94)

gives
n

= x
(m’S)CL”) (%, y,z;0, A) = ooy i (x, y,z30, A) {E} . (95)

Taking z = 01in (95) and using relations ((32a), (32b), and
(32¢)), we find the following operational representation for

the 2V1PgGeMaP , C¥(x, y; t, A):

n

-~ X
o C¥ (3, ysa, A) = o (35 1305 A) {ﬁ} (96)

where

(m)ﬁﬂ (%, 30, A)

= I, (%00 A)

T (mys)
L J-OO e’“tt”’l(\/mAt)xDx exp (—tyi) dt
T (p) Jo ox™)

(97)

1

In particular, we note that

A (%, 9,05, A) =TI, (x, ys 0, A). (98)

In this paper, several new matrix polynomials are intro-
duced using integral transform method allowing the deriva-
tion of a wealth of relations involving these polynomials.
These results allow us to note that the use of the method of the
integral representation is a fairly important tool of analysis
and can be usefully extended to other families of polynomials
which is a problem for further research.
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