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Abstract

The degenerate Stirling numbers and degenerate Eulerian polynomials are intimately connected
to the arithmetic of generalized factorials. In this article, we show that these numbers and similar
sequences may in fact be expressed as p-adic integrals of generalized factorials. As an application
of this identification we deduce systems of congruences which are analogues and generalizations
of the Kummer congruences for the ordinary Bernoulli numbers.
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1. Introduction

The interpretation of Stirling numbers as connection coefficients of linear transfor-
mations between generalized factorials has given rise to many useful generalizations of
these numbers. For example, the degenerate Stirling numbers S(n,k|.) of the second
kind, which were introduced by Carlitz, satisfy the relations ([2], Eq. (2.12))

([ 2n =) S(n. k| 2)(x| D (1.1)
k=0

where (x|1), is the generalized falling factorial defined in Section 2. This type of re-
lation has permitted a unified treatment [12] of the various kinds of generalizations
of Stirling numbers. The noncentral Stirling numbers and noncentral Lah numbers
have been interpreted as higher-order differences of generalized factorials in [5]. Com-
binatorial properties of degenerate Bernoulli and Stirling polynomials have also been
effectively studied by considering them as divided differences of binomial coefficients
in [1]. The approach of this article will be to instead realize all these generalizations of
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Stirling numbers, and other combinatorially important numbers, as p-adic integrals of
generalized factorials (x|4),. This realization implies general systems of congruences
among these numbers, which are natural analogues of the Kummer congruences for
the ordinary Bernoulli numbers (cf. [19], Cor. 5.14, and [20], Eq. (4.9)).

Carlitz [2] defined the second kind of degenerate Stirling numbers S(n, k|4) for 4 # 0
by means of the exponential generating function

(1 + Ay — 1)kk!;S(n,k|/1);!, (12)

where Ap = 1. Since (1 + At)* — €' as . — 0 this is evidently an extension of the
generating function

(e — l)k:k!ZS(n,k)n—n! (1.3)
n=k

for the usual Stirling numbers of the second kind S(n, k)=S(n, k|0). The method of this
paper applies to any sequence o,(4) whose exponential generating function is of the
form A((14At)*) with h(T) a formal power series in Z,[[T —1]], where Z,, is the ring
of p-adic integers; we call such a sequence «,(4) the “degenerate number sequence
arising from %” in recognition of the analogy between the generating functions (1.2)
and (1.3) for the degenerate and usual Stirling numbers of the second kind. So in our
terminology k!S(n,k|1) is the degenerate number sequence arising from A(T)=(T —1)*.

Carlitz also considered the degenerate Eulerian polynomials A,(/,x), which are re-
lated to generalized factorials ([2, Egs. (7.1) and (7.5)]) by the identity

= k __ An(/l’x)
;(kli)nx T (1.4)

for x # 1 (here we use 4,(4,x) for the polynomial Carlitz referred to as n!4,(4,x)).
Carlitz showed that these polynomials may be defined for A # 0 by

1 —x = "
=Y A,(Ax)—, 1.5

1 —x(1+ Ae(1 — x))~ nz:; (4 x)n! (1.5)
where Au =1 ([2], Egs. (1.25) and (7.9)), which reveals that the values of A4,(4,x)
may be regarded as degenerate number sequences, in our terminology, when 1 — x is
a p-adic unit (see Section 4). Taking the limit as 4 — 0 yields the usual Eulerian
polynomials 4,(x) = 4,(0,x) defined by

1 —x

— - = ZAn(x)n—n'. (1.6)
n=0 :

1 — xe(l—x)

In Section 4 we show that if p is an odd prime, 1 —x is a p-adic unit, and 1€ pZ,,
then for m =n (mod (p — 1) p®) we have the congruence

Apn(2yx) = A,(J,x) (mod p?Z,), (1.7)

where 4 = min{m,n,a + 1}.
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An congruence similar to (1.7) for the degenerate Stirling numbers S(n,k|.) of the
second kind, which we prove in Section 3, is

k1S(m, k|2) = kIS(n,k|2) (mod p*Z ,), (1.8)

where 4 = min{m,n,a + 1}, this congruence also holds when m = n(mod (p — 1)p?)
and A€ pZ,. A natural feature of our method is that stronger congruences may be
obtained for the related degenerate number sequences arising from the power series
@h(T), where ¢ is the linear transformation on Z,[[7 — 1]] defined formally by

oh(T) = W(T) — ~ 3" h(T) (19)
(=1

(cf. [20], Eq. (2.14)). For example, let 7, (n,k|Z) denote the degenerate number
sequence arising from the polynomial @h(T), where h(T) = (T — 1)*. In Section 3
we prove congruences implying

Ty(m,k|2) = Tp(n,k|Z) (mod p**'Z ) (1.10)
for m = n(mod(p — 1)p®) and 2 € pZ,. In this case the values at 2 =0, Tp(n, k) =
Tp(n,k|0), are the “partial” Stirling numbers studied by Lundell [16], Davis [8], and
Clarke [7].

While many treatments of degenerate number sequences allow for arbitrary complex
parameters, the parameter values in many of the important examples are actually ratio-
nal numbers or integers. For this reason it is also valuable to be able to represent the
sequences p-adically. Our basic representation theorem concerning degenerate number
sequences, whose proof appears in Section 2, is as follows:

Theorem 1.1. Let he Z,[[T — 1]] and define the polynomials a,(L), d,(A) for n =0
by h((1 + A)*)y =302 an(A)(#"/n!) and (@h)((1 + A0)*) =372 8,(2) (¢"/n!). Then
there is a Z ,-valued measure vy, on Z, such that

n(2) = /Z (x2)n dya()

5,0 = /Z @

Jor all A€ Z, and all n. Consequently a,(1),d4,(A) € Z, for all € Z, and all n.

and

7 )n th (X)

If the parameters are integers (meaning that 4 € Z[[T —1]] and A € Z) then o, (1) €Z
and the above representation for o,(1) is independent of the choice of the prime p.
This cannot be said for &,(4), since the definition of ¢ itself is dependent on p. These
two representations form the basis for our congruences. If p is a prime number we
define the associated quantity g by

p if p>2,

q= (L.11)
4 if p=2.

Therefore ¢p(q)= p — 1 if p is odd and ¢(q) =2 if p =2. Congruences (1.5), (1.8),

(1.10) etc. are derived from the following theorem, which follows from Theorem 1.1.
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Theorem 1.2. With notation as above, if A € pZ, and m = n(mod ¢(q)p*) with a = 0
then

4n(2) = ou(2) (mod p?Z,)  and  8,(2) = 4,(2) (mod p*'Z ),
where A =min{m,n,a + 1}, whereas if 1€ Z3; then for all m =0 we have
om(A) =0(modm! Z,) and d&y,(L)=0(modm!Z,).

In Section 3 we apply this theorem to the various generalizations of Stirling numbers,
and in Section 4 we apply it to the Eulerian polynomials. Although we do not give
the details here, the theorem also applies to the degenerate Bell numbers introduced
by Carlitz [2], as well as other combinatorial sequences.

2. Proof of main results

Throughout this paper p will denote a prime number, Z, the ring of p-adic inte-
gers, Z,; the multiplicative group of units in Z,, and Q, the field of p-adic numbers.
We use Z,[T — 1] and Z,[[T — 1]] to denote, respectively, the ring of polynomials
and of formal power series in the indeterminate (I' — 1) over Z,. The p-adic valua-
tion “ord,” is defined by setting ord, (x) =k if x = p*y with y € Zy. A congruence
x = y(modmZ,) is equivalent to ord, (x — y) = ord, m, and if x and y are rational
numbers this congruence for all primes p is equivalent to the definition of congruence
x = y(mod m) given in [11] (Section 2). The symbols 1 and p will always represent
elements of Q,, satisfying Zu=1. The generalized falling factorial (x|4), with increment
A is defined by

n—1
(== i) (2.1)

i=0
for positive integers n, with the convention (x|4)o=1. Note that if 1 # 0 then (x|1), =

I x|,

Proof of Theorem 1.1. Let A denote the set of all Z,-valued measures on Z,. As is
well known (cf. [19,18]), there is a one-to-one correspondence

A Z[[T - 1]], (2.2)

under which each measure y € A corresponds to the formal power series
hy(T)= / 7% dy(x). (2.3)
z,

The integral in (2.3) represents a formal power series in Z,[[T — 1]] via the binomial
expansion

oo X
xd'ﬁ = d" —_ " .
/z T*dy(x) = </zp <m> /(x)> (T =1)% (2.4)

P m=0
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which is convergent for 7 €1+ pZ,. Let y =7, be the measure which corresponds
to our power series A(T) under this identification. Now if 1 € pZ, then T' = (1 4 A¢)"
converges to an element of 1+ pZ, for any /€ Z,. Substituting 7= (1 -+ At)* in (2.3)
yields a formal power series identity

i am(i)’% — /Z (1 + 20y dyp(x). (2.5)
Theref:):r(:: since p

&y =Gl (2.6)
and

% <§: am(z)::!> = 0,(2), 2.7)
we have . ~

wi)= | e (2.8)

From the definition of ¢ we compute

1
oh(T)=HT) = — > (T

tr=1

1
:/ L= = 0 | T dpu). (2.9)
z, P
Since
1 0 if xezx,
P 1 if xe pZ,,
we then have
oh(T) = / T o). @11)
z;

convergent for 7€ 1 + pZ,, and valid as a power series identity in Z,[[T — 1]].
Substituting 7 = (1 + A¢)* in (2.11) with € pZ, and evaluating the nth derivative
(with respect to t) at t =0 yields

() = /Z el dyae) (2.12)

As y, is a Z,-valued measure, both o,(4) and 4,(/) lie in Z, for all 2€ Z, by (2.8)
and (2.12). O

We now turn to the congruences. It is easily established by induction that if 4 =
B(mod p?Z,[x]) then 47" = BV (mod p**7 p[x]) for any nonnegative integer b
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(cf. [17], Proposition VII.3.2.4, p. 407). This principle will be needed for the proof
of Theorem 1.2 and of the following proposition, which may be of some independent
interest.

Proposition 2.1. If p is an odd prime and J.€ pZ, then for all positive integers m
and r we have

(x| Dy = X" (mod p' ' Z ,[x]).
For p=2, if L€2Z, then for all positive integers m and r we have

X[ A)r = X" (mod 2’ Z,[x]).

Proof. In [9] (Lemma 3) it is shown that for odd primes p,

x|,y = (2 —x)? ' (mod pZ[x]), (2.13)
while for p =2 we have

(x| 1)1 = (x* — x)? (mod 2" Z[x]). (2.14)
Begin by regarding (x|1), as a homogeneous polynomial in x and A of degree 7 in x,
so that (x|1), = A"(xA~!|1). Replacing x by xA~! and multiplying both sides of (2.13)
by A7 vyields

x|y = xP (Pt = AP~ (mod pliZ]x, A]), (2.15)
since both sides of (2.13) are monic polynomials of degree p". By means of an eval-
uation homomorphism Z[x, 2] — Z,[x], we now regard / as an element of pZ,. This
implies that

x|y =2 P = a2 (mod p 7 ,[x]). (2.16)
But since A€ pZ,, by induction we have

(P~ =y = xpr_l(P*”(mOd p"“Zp[x]) (2.17)

r—1
for all positive integers . By (2.16) we then have

(x[4)y = x? (mod p17Z,,[x]). (2.18)

Then if m is any positive integer, we have

m—1 m—1

x| Ampr = H x—Jjp A,y = H (x—jp i)
Jj=0 J=0
=x"? (mod p"'Z ,[x]), (2.19)

proving the proposition for odd primes p. The result for p =2 follows in the same
way beginning from (2.14). O

Since the multiplicative group (Z,/qp°Z,)* has order ¢(gq)p® for a = 0 (where ¢
is defined by (1.11)), it follows that x#@?" = 1 (mod qp°Zy) for all x € Z;. This fact
may be combined with the above results to prove our main congruence results.
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Proof of Theorem 1.2. Assume that 1€ pZ, and that m > n > 0. Then by Theorem

1.1,

om(2) — ou(A) = /Z (x| AD)n((x = B2 D)m—n — 1) dyn(x) (2.20)
and

Gm(A) — 8,(1) = /ZX (x| D)n((x = nA) D) m—n — 1) dyp(x). (2.21)

If m = n(mod ¢(q) p?) then by Proposition 2.1 we have
(X = A Apen = (x —n2)Y"" =x""" = 1 (mod p**'Z,) (2.22)

for all x € Z7. Since the integrand in (2.21) lies in ptz, for all x e Z and y; is a
Z ,-valued measure, we have d,,(1) — 8,(1) € p*™'Z,. If x € pZ,, then (x|1), € p"Z,,
so by (2.20) we have a,(4) — o,(4) € p1Z, where A = min{n,a + 1}, proving the
theorem in the case /€ pZ,.

If /€ Z;, then for any x € Z,, we have (x|/1)m:/1’”(;':n]x )m! € m!Z,. From (2.8) and
(2.12) it follows directly that o,,(A) and d,(4) lie in m!Z, for all m, completing the
proof of the theorem. [

Remarks. The congruence «,(0) = o,(0)(mod pAZp) for A =0 is stated in [18]
(Lemma 1) in the case of rational functions 4. In [20] we showed that for 1 =0
one has in fact the stronger result 4%4,,(0) = 0(mod p¥*+D7 p) for all positive inte-
gers k, where 4. is the forward difference operator with increment ¢ = 0 (mod ¢(g) p*).
However, the corresponding result for general A< pZ, does not hold for the higher
powers of A4..

The congruences of Theorem 1.2 do imply that the degenerate number sequences
o,(4) and d,(4) are p-Honda sequences (cf. [17]) for all odd primes p and all A € pZ ;
that is, they satisfy

O (2) = U1 (2) (mod p'Z,)  and Gy (4) = 8pyp1(2) (mod p'Z,)

(2.23)
for all positive integers m and r. This means that for /€ pZ, the differential forms
- dr . dr
> t ()"~ and > 8, ()T - (2.24)

n=1 n=1
which are essentially formal Laplace transforms of A((1 + Ar)*) and (@h)((1 + At)*),
are invariant differentials for formal group laws over Z, which are isomorphic over
Z, to the formal multiplicative group law F(X,Y)=X +7Y — XY.

3. Generalized Stirling numbers

In [12] a very general class S(n,k; o, f,r) of sequences which generalize the Stirling
numbers was defined by the relations

(xfo)n =D S,k 00, B,r)(x — [ B)s (3.1)

k=0
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These sequences satisfy inverse relations in pairs related by (a, f5,7) — (f, o, —r); that
is, (3.1) is inverse to

& [Bn =D S(n,k; B0, —r)(x + rlo) (3.2)

k=0

An exponential generating function for the sequence S(n,k; o, f5,r) is

Blu _ 1\K 00 n
(14 o)™ ((14—0(1,;1) :k!ZS(n,k;a,ﬁ,r)% (3.3)
n=0 '

[12] (Theorem 2), which indicates that k!S(n,k;a, f,7) is the degenerate number se-
quence arising from A(T)= T"(T# — 1)F/p* (with 1 = «), if this power series lies in
Zp|T — 1]. This will always be the case whenever r €7, and € Z;;. If € pZ,, then
Theorems 1.1 and 1.2 still apply to the series fXA(T), which lies in Z plT — 1], but the
congruences resulting from Theorem 1.2 for S(n,k; o, f,7) will be significantly weaker
than those for € Z*, which we record here.

Theorem 3.1. Suppose that r €7, and B € Z;;. Then for all o.€ pZ, we have
k'\S(m, k; o, B,r) = k!S(n, k; o, 5, ) (mod pAZp)

whenever m = n(mod ¢(q)p®), where A =min{m,n,a + 1}, and for all o€ Z; we
have

k\S(m, ks 0, B,r) = 0(modm!Z )

for all m = 0.

For odd primes p, putting m = p and n =1 in this theorem yields the congruence
S(p,k;o,B,r) = 0(mod pZ,) (3.4)

for 1 <k < p as long as ﬁeZ; and o,7 € Z,; this congruence has been given for
integers o, 5,7 in [12] (Theorem 3). We mention some other special cases to which
this theorem applies. If r =0, « =0, and =1 then S(n,k;0,1,0) = S(n, k) are the
classical Stirling numbers of the second kind; in this case the result of Theorem 3.1
has appeared in [18] (Theorem A), but is stated incorrectly there (the terms S(n,k),
S(m, k) should be replaced by k!S(n, k) and k!S(m,k)). If =0 and f=1 we have the
weighted Stirling numbers of the second kind R(n,k,r) studied by Carlitz [3,4], and
the congruences are valid when the weight r is a p-adic integer. This case includes the
noncentral Stirling numbers of the second kind (cf. [14,6]) and the noncentral Lah
numbers [6]. If f=1 and r =0 we have the degenerate Stirling numbers of the second
kind and the congruences hold for a=/4¢€ Z,. If f=1 we have the degenerate weighted
Stirling numbers of the second kind studied by Howard [10], and the congruences hold
when o = /€ Z, and the weight r is a p-adic integer.

For a prime p let T,(n,k; o, ,7) be the degenerate number sequence arising from
oh(T), where h(T)=T"(T? — 1)¥/p* with 1 =a. We have the following congruences
directly from Theorem 1.2.
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Theorem 3.2. Suppose that r € Z, and € Z};. Then for all « € pZ, we have
Ty(m, ko, B,r) = Tp(n ks o, B,7) (mod p*'7,)

whenever m = n(mod ¢(q) p*), and for all w.€ Z3; we have
Ty(m,k;o,B,r)=0(modm!Z,)

for all m = 0.

As mentioned in Section 1, the sequence T,(n,k) = T,(n,k;0,1,0) is the sequence
of “partial” Stirling numbers studied in [16,7,8]; in general for « = 1 =0 we may
write

[k
Tp(nk;0,B,1) = > (=1} ( ,)(ﬁj+r)". (3.5)
0<j<k J
prBj+r

Clarke [7] conjectured that T,(n,k) and k!S(n,k) always have the same p-adic valu-
ation. This motivates the following more general question: For which A€ Z,[[T — 1]]

is it true that o,(0) and &,(0) have the same p-adic valuation for all n? Clarke’s
conjecture is that 4(T) = (T — 1) always satisfies this condition.

4. Degenerate Eulerian polynomials

We define the degenerate weighted Eulerian polynomials A,(2,r,x) by

- An ;"n s

Sk 4 rlyat = ZAE) 41
(l _ x)n+1

k=0

for A # 0 and x # 1. We remark that the polynomial 4,(4,7,x) was denoted by

n!'4,(4,x,r) in [2] and by A4,(x,r|2) in [13]. By [15] (Proposition 2.1) we have the

identities

k
An,k(i,r)=2(—ly(nj1>(k+r—jli)n (4.2)
j=0
and
" t4+n—k
(t+r[)n= ZAn,k(l,r) ( ! ) , 4.3)
k=0 n
where
An(Or,x) =Y Ay (hr)xt. (4.4)
k=0

These polynomials have been treated in [2] and [13], and may also be studied by
the methods of Koutras [15]. When the weight » is taken to be zero we have the
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degenerate Eulerian polynomials 4,(4,0,x) = A,(Z,x). Carlitz [2] showed that these
polynomials have the generating function

(1 —x)(1+2(1 —x)" & "
1 —x(1 + A0(1 — x)) _KZ:%A”M’F’X)E (4.5)

and taking the limit as 4 — 0 we get

(l 7x)e(17x)rt B x "
e = ;An(o,r,x)a. (4.6)

Taking » = 0 in (4.6) yields the usual Eulerian polynomials 4,(x) = 4,(0,0,x). The
following congruences may be derived from Theorem 1.2.

Theorem 4.1. Suppose that | —x€Zy, and reZ,. Then if A€ pZ, and m = n
(mod ¢(q) p*) we have

Apn(21,x) = Ay(2o7,x) (mod p?Z ),
where A =min{m,n,a + 1}, and if 1€ Z; we have

Au(lyr,x) = 0(modm!Z )

for all m = 0.

Proof. If 1 —x€Z and r € Z), then the formal power series

) —1
wry= =0T o (1—( - )(Tl_x—1)> (4.7)

1 —xTl—=x 1 —x

lies in Z,[[T —1]], because x/(1—x) € Z, and T'=*—1 is a power series in Zp[[T—1]]
with no constant term. If we put A/ = (1 —x)A and /s =1 then A((1 + Z'1)*") is the
generating function in (4.5) and the corresponding numbers o, (1) = 4,(7,r,x) satisfy
the congruences of Theorem 1.2. Since ord, A’ = ord, 4, the result follows. [J
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